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The far downstream evolution of the
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The high-Reynolds-number axisymmetric wake behind a disk has been studied for
10 � x/D � 150 (36 � x/θ � 552) using a rake of 15 hot wires. The disk had a
diameter of 20 mm, and the Reynolds number based on the free-stream velocity
was 26 400. Mean velocity profiles, root-mean-square profiles, and power spectra are
presented. By using regression techniques to fit the velocity profiles it was possible
to obtain accurate velocity centreline deficits and transverse length scales to even
the last downstream position. Beyond the initial region which extends to x/D = 30,
the data are in excellent agreement with the high-Reynolds-number equilibrium
similarity solution.

1. Introduction
The axisymmetric far wake is a very challenging flow to investigate experimentally,

since the velocity differences of interest are very small. A sketch of the axisymmetric
wake together with the coordinate system used in this study is shown in figure 1. The
mean velocity deficit at the centreline is here defined as Uo = U∞ −UCL. The Reynolds
decomposition is applied, and averaged values are denoted with upper-case letters, and
fluctuating quantities with lower-case letters. It has been found experimentally that
Uo falls rapidly downstream from about 10 % of the free-stream velocity at x/D = 10
to about 1 % of the free-stream velocity at the farthest downstream position in this
experiment (x/D = 150). The root mean square of the fluctuations, u′, is of the same
order as the velocity deficit, i.e. u′/Uo ≈ 1. These low levels place extreme demands on
the wind tunnel, both in terms of its length and flow quality. Moreover, this rules
out the use of most laser-based techniques, like laser Doppler anemometry (LDA),
or particle image velocimetry (PIV) which simply do not have enough resolution.
The only measurement technique that is capable of resolving such weak fluctuations
is hot-wire anemometry, but even this technique has accuracy limitations. These are
discussed herein, and a method to account for them is provided.

2. Basic equations
The Reynolds-averaged momentum equations for the axisymmetric far wake

without swirl and with a negligible free-stream pressure gradient reduce to first order
to a balance between the advection of the velocity deficit and the radial gradient of
the Reynolds stress:

U∞
∂

∂x
(U − U∞) = −1

r

∂

∂r
(ruv) . (2.1)



364 P. B. V. Johansson and W. K. George

x

r

Uo = U∞ – UCL

U∞

φ

δ

D

U∞

UCL

Figure 1. Axisymmetric wake coordinates.

The viscous term has been neglected, since only high-Reynolds-number flows are of
interest here. (Note that Johansson, George & Gourlay (2003) consider also viscous
solutions to this equation.)

The momentum equation can be integrated over a cross-section to yield an integral
constraint, i.e. the conservation of momentum:

U∞

∫ ∞

0

(U∞ − U ) r dr ∼= θ2U 2
∞, (2.2)

where θ is the momentum thickness. This equation is satisfied to within a few percent
beyond x/D = 10. It is only valid for a zero free-stream pressure gradient in the wind
tunnel. This may not be the case in reality, and an analysis of the possible effect of a
pressure gradient is provided in Appendix A. Note that the definition of the ‘true’ θ

is

θ2 = lim
r̃→∞

1

U 2
∞

∫ r̃

0

U (U∞ − U ) r dr. (2.3)

A convenient choice for the transverse length scale is

δ2
∗ = lim

r̃→∞

1

Uo

∫ r̃

0

(U∞ − U ) r dr. (2.4)

The advantage of this particular choice is that it satisfies equation (2.2) exactly, i.e.

Uoδ
2
∗ = U∞θ2. (2.5)

These equations together with the transport equations for Reynolds stresses and
an equilibrium similarity hypothesis yield what Johansson et al. (2003) called the
high-Reynolds-number similarity solution for the wake growth (which corresponds to
the classical cube root solution), i.e.

δ∗ ∼ x1/3. (2.6)

It should be noted that this is not the only possible similarity solution and that
certain conditions have to be fulfilled for this solution to be found in an experiment
at all. These are discussed in detail by Johansson et al. (2003). Also, Johansson et al.
(2003) noted that the coefficients in general depend on the wake generator.

3. Historical review
Using hot-wire anemometry, Carmody (1964) presented the findings of an

experiment on a circular disk oriented perpendicular to the flow at a Reynolds number
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based on the disk diameter and free-stream velocity (Re) of 70 000. He presented
mean velocity, root-mean-square fluctuations, and Reynolds stress profiles, as well
as streamwise wake growth. Shortly thereafter, Hwang & Baldwin (1966) presented
measured turbulence intensities and wake growth for a large span of downstream
locations, x/D = 5 to x/D ≈ 900 behind various circular disks. Curiously, they did
not present the centreline mean velocity decay. The reliability of the hot-wire technique
was discussed thoroughly in their paper, but the accuracy in terms of a percentage
was not given. Both sets of data show significant scatter, most likely closely linked
to the capability of the hot-wire anemometers used at that time. Hwang & Baldwin
(1966) even reported difficulties in reproducing their own results on a day-to-day
basis.

Gibson, Chen & Lin (1968) presented mean velocity and turbulence intensity
profiles for a sphere wake at a Reynolds number of 65 000 using hot wires and Pitot
tubes. The investigation covered only downstream distances to x/D = 60, but they
stated that the root-mean-square fluctuations of the velocity were of the same order
as the mean velocity deficit to within the accuracy of the experiment. They credited
this finding to Cooper & Lutzky (1955) who performed an experiment on a disk
wake.

Uberoi & Freymuth (1970) measured the sphere wake at a Reynolds number
of 8600. Their investigation covered a downstream distance up to x/D = 150, but
their presented results on the mean velocity deficit only go to x/D = 100. They did,
however, claim that their data behaved according to the classical cube root solution, if
the virtual origin was chosen appropriately. But they showed no downstream variation
of either the centreline deficit or wake width, and showed only two collapsed profiles
at x/D = 50 and 100.

In none of these experiments (Carmody 1964; Hwang & Baldwin 1966; Gibson et al.
1968), was the conservation of momentum addressed. This was, however, thoroughly
investigated by Cannon (1991). He examined both the integral and differential mean
momentum equations, and showed that his mean velocity and Reynolds stress data
satisfied both for five different wake generators (disk, sphere and three porous disks
with different porosity). The common denominator of these flows was that they had
the same drag, which is why conservation of momentum was important. The Reynolds
number based on diameter varied between 13 000 for the solid disk, 14 000–17 000
for the screens, and 21 500 for the sphere. The measurements extended over a range
of x/D of about 10 to 125. Unfortunately, however, it was not clear that any of the
wakes achieved a region downstream where u′/Uo appeared constant.

Johansson, George & Woodward (2002) studied the axisymmetric disk wake using
a rake of 13 hot wires in order to obtain two-point cross-spectra in cross-sections of
the flow from x/D = 10 to x/D = 50. These two-point cross-spectra were then used
in the kernel of a proper orthogonal decomposition to extract the energetic features
of the flow in a manner similar to Part 2 of this paper (Johansson & George 2006).
Johansson noted that their mean velocity profiles were affected by thermal drift of
the anemometers. The centreline mean velocity deficit, Uo, was about 3 % of the
free-stream velocity at the farthest downstream location.

The present investigation extends the study in Johansson et al. (2002) to a greatly
increased distance downstream (to x/D = 150) using a different facility. Here the
influence of the thermal drift in the anemometers is even more pronounced, because of
the smaller centreline deficit and accompanying low turbulence intensity. A thorough
investigation of the accuracy of the measured data and a method of handling flows
with such a small velocity difference is presented here. By using regression techniques
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Figure 2. Wind Tunnel MTL at KTH, from Johansson (1992).

to fit the profiles and using momentum conservation as a requisite condition, it
is shown to be possible to obtain reliable results much farther downstream than
previously.

The data described here have been used by Johansson et al. (2003), together with
the extensive DNS data of Gourlay et al. (2001), as a part of a general reanalysis of
axisymmetric wakes. Their equilibrium similarity considerations showed the existence
of two similarity regimes, both possibly retaining an asymptotic dependence on
upstream conditions. Criteria were established there for when the initial transients
die off, when the high-Reynolds-number solution might be expected, and when the
low-Reynolds-number solution might emerge. Almost none of the earlier experiments
described above satisfied these criteria. Both the data described here and the DNS
data, however, show evidence for the high-Reynolds-number solution. Only the DNS
data, though, evolves far enough downstream for the low-Reynolds-number solution
to emerge.

4. Experimental setup
4.1. Facility

The experiment presented in this paper was performed in the MTL wind tunnel at the
Royal Institute of Technology (KTH) in Stockholm, Sweden. The MTL tunnel, shown
schematically in figure 2, is of closed loop type and is very suitable for measuring low-
turbulence-intensity flows like the axisymmetric wake because of its relatively long
test section and high flow quality. The streamwise free-stream turbulence intensity is
lower than 0.03 %, and the cross-stream turbulence intensities are less than 0.06 %.
The tunnel has a temperature uniformity in the test section of ±0.2 ◦C. The test section
has an area of 1.2 × 0.8 m2 and the downstream length is 7 m. Further characteristics
of the tunnel can be found in Johansson (1992). The tunnel was designed with
primary focus on boundary layer measurements, so the desired pressure gradient in
the measuring section is set by adjusting the roof. For this experiment the roof was
aligned with the floor to ensure that the wake was kept straight throughout the
experiment. The combination of wake growth and wall boundary layer growth could
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D (mm) θ (mm) U∞ (m s−1) T (◦C) ν (m2 s−1) ρ (kgm−3)

20 5.4 20.1 20.4 15.2 × 10−6 1.189

Table 1. Summary of experiment variables.
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Figure 3. (a) Probe rake and disk, and (b) disk suspension in the cross-section in the MTL.
wind tunnel at KTH

have caused a small (less than 1 %) but undesirable acceleration or deceleration of
the free stream, the possible influence of which is investigated in Appendix A.

The wind tunnel velocity was monitored using a Pitot tube connected to a Furness
FCO510 electronic manometer. The manometer was equipped with an absolute
pressure sensor and a temperature sensor to provide the value of the velocity via
the RS232 port directly to the computer. The velocity was monitored throughout the
experiment and kept constant at 20.1 ± 0.05 m s−1, resulting in a Reynolds number
based on the free-stream velocity and disk diameter of 26 400. The measurements
were automated using the integrated traverse and wind-tunnel speed control of the
MTL. The experimental variables are summarized in table 1.

4.2. Probe configuration

The sensing device was composed of two rakes consisting of 15 hot wires in total. The
primary reason for using rakes of probes was to be able to compute the numerous two-
point cross-spectral quantities as described in Part 2 of this paper. The simultaneous
measurement at many points made it possible to overcome the intrinsic limitation of
the instrumentation. The rakes and probes, shown in figure 3(a), were constructed
in-house at the Turbulence Research Laboratory of Chalmers. The rakes were made
of steel airfoil profiles with a maximum thickness of 10 mm and a chord of 25 mm.
The lower rake is fixed, while the upper can be rotated around the axis of the centre
probe. The rotation allows an angular separation of the rakes between 15◦ and 335◦

with an accuracy of ±1◦. The probe holders were fixed to the wings and were made of
brass telescopic tubing with an outer diameter of 4 mm. The probe body was attached
at the end of the probe holder. The probe body consisted of a brass tube with an
outer diameter of 3.2 mm, containing a ceramic tubing with an outer diameter of
2.4 mm for prong insulation. Inside the ceramic tube, 0.4 mm steel piano wires were
used as prongs, protruding 8 mm from the ceramic tube. The ends of the prongs
were sharpened in order to reduce the effects of the prongs on the sensing wire. The
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total distance between the movable steel wing and the sensing wire was 195 mm. The
sensing wire was made of tungsten with diameter 5 µm (Sigmund-Cohn, Mt. Vernon,
NY) and length 3 mm.

4.3. Anemometers and data aquisition

The anemometers consisted of a five-channel AA Lab Systems AN1003 constant-
temperature anemometer that was available at KTH. For the remaining channels,
nine DANTEC Miniature-CTA 54T30 were used. The differing thermal drifts of these
anemometers considerably complicated their use, as will be discussed in detail later.

The data were digitized using an IO Tech Wavebook 516 16 bit 1 MHz sample and
hold A/D converter, with an expansion module to enable 16 channels simultaneous
sample and hold, connected to the computer via a fast parallel port PCI board. For
the power spectra measured at downstream locations x/D = 30, 50, 70, 90, 110, 130,
and 150, the signals were sampled at 4 kHz, consistent with the wire length cut-off,
U∞/lw . This cut-off of the spectra well into the inertial subrange was intentional
since the primary purpose of the experiment was to apply the proper orthogonal
decomposition (POD) to determine the evolution of the energy-containing scales.
Measurements were made simultaneously for all 15 probes. Each data block had 4096
samples, and a total of 360 blocks of data was taken per probe for each angular probe
rake location. This large amount of data yields a variability of the power spectra at
each radial position of 1.08 %.

For the single-point statistics, mean velocity and r.m.s. velocity, separate scans
of the flow were made for the downstream locations x/D = 10, 20, . . . , 150 using
fewer blocks. For these runs, no spectral quantities were evaluated, so the sampling
frequency was reduced to 1 kHz and only 60 blocks of 1000 samples were taken.
This gives a statistical uncertainty of the mean velocity of at most 0.1 % (for the
nearest downstream position where u′/U ≈ 10 %). For the root mean square of the
fluctuations, the statistical uncertainty is around 0.6 %.

4.4. Disk suspension

The disk had a diameter of 20 mm, a thickness of 2 mm with sharp edges, and was
made of acrylic. It was suspended with three pairs of steel wires, each of diameter
0.2 mm. The disk was placed 1 m into the measuring section to allow for probe
calibration upstream of the disk, and to avoid any possible small continuing
acceleration of the flow near the contraction. The mounted disk in the test section is
depicted in figure 3, which also shows the rake of probes downstream of it. The disk
was centred by adjusting the tension of the supporting wires. By using pairs of support
wires, the planar orientation of the disk could also be adjusted, since the tension of
each support wire could be set individually. The final tuning of the disk centring
was achieved by several preliminary test measurements, where the velocity field was
measured for all available angular positions of the movable rake. The disk was moved
based on the input from these velocity measurements and the procedure was repeated
until a satisfactory result was achieved. For reasons that will be discussed in detail
later, the centring was not performed using mean velocity distributions only, but
instead was based on obtaining reasonably similar profiles of u′ and power spectra
for locations on either side of the plane �θ = 180◦ (i.e. it was moved until the u′

values and the power spectra compared well for the angular separations of �θ = 120◦

and �θ = 240◦). (See figure 4 for the definition of the separation angle.) At the same
time, it was ensured that the flow was indeed axisymmetric to within experimental
accuracy.
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Figure 4. Map of traverse scheme, shown in increments of �θ = 30◦.

The effects of the disk support wires were of considerable interest in ensuring that
the energy distribution of the POD modes were not affected by them. In Johansson
et al. (2002), four pairs of support wires were used. With such a configuration, the disk
centring is easier, but it also creates a problem. Four pairs of support wires preclude
some angular positions for the movable probe rake to be used without the velocity
measurements being affected by the wakes of the supporting wires. The symmetry of
the flow cannot be used to overcome this problem. The effect on the POD modes of
the disk suspension method is further discussed in Part 2. In the three-support wire
configuration used throughout this investigation, the wakes of the support wires did
not affect the velocity measurements at any angular position of the movable probe
rake, since the asymmetrical positioning of the support wires allowed replacement of
the �θ = 90◦ measuring position by the one at �θ = 270◦.

4.5. Spatial resolution

The arrays were used in the same manner as Glauser & George (1987) and Johansson
et al. (2002) to obtain the single-point statistics and two-point velocity cross-spectra
for all combinations of locations shown in figure 4, 8820 in total at 1260 different
positions. The measurement grid was originally chosen so that the angular resolution
was acceptable for obtaining azimuthal Fourier transforms of the cross-spectra. This
aspect is further discussed in Part 2. The movable array of probes was traversed from
a 15◦ separation up to 180◦ with 15◦ increments in �θ . The 15◦ separation was chosen
since it is approximately half the azimuthal integral scale, a methodology recently
confirmed to be adequate by Gamard et al. (2002) in a jet, using both rakes of probes
like those used here, and also a 139-hot-wire array of very long wires especially
designed to reduce spatial aliasing. The numbering of the probes is shown in figure
4, with each hot-wire probe marked by a circle. The radial spacing of the probes
beginning at the centre probe numbered 0 at r = 0 was 93, 80, 67, 54, 41, 28, 14 mm
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Figure 5. Calibration curves for (a) AN1003 and (b) DANTEC 54T30. Calibrations before,
in the middle, and after the experiments for two downstream positions of measurement.

for probes numbered 1 to 7 on the movable rake, and −14, −28, −41, −54, −67,
−80, −93 mm for the probes numbered 8 to 15 on the fixed rake. Negative values of
r are used for distinguishing the probes on the fixed rake from those of the movable.
Probes 0, 1, 3, 5, and 6 were connected to the AN1003 anemometer channels, while
the others were connected to the DANTEC 54T30 anemometers.

The mean velocity and r.m.s. profiles were obtained with the rakes kept at the
angular separation of �θ = 180◦. To add more points in the velocity profiles, the
rake was traversed in the direction of positive r an amount of 5 and 10 mm for these
data sets.

5. Single-point statistics
5.1. The mean velocity

Obtaining the mean velocity profiles was by far the most difficult part of this entire
experiment. The accuracy of the results of an experiment using hot wires is very
sensitive to the reliability of the calibration, but this is not the major source of error
in this investigation. Here, fourth-order polynomials were used to map the voltage
output of the anemometer into velocity, as discussed by George, Beuther & Shabbir
(1989). (Because of the low turbulence intensity, u′/U∞, any lower-order polynomial
would probably have worked just as well, as long as the range of velocities encountered
was not outside the range of calibration.) The relative error of the calibration was
less than ±0.02 % over the range of velocities in the actual measurement.

The primary source of difficulty in the experiment was the thermal drift of the
anemometers, especially from the offset amplifiers. This problem is easily overlooked
when measuring flows with large velocity differences (e.g. a boundary layer or a jet)
but is immediately obvious in a ‘weak’ turbulent flow like the axisymmetric wake.
This was previously noted by Johansson et al. (2002), who stated that this mainly
affected the mean velocity, leaving the root mean square of the velocity unaffected.
This problem is more pronounced here than in the earlier study because the distance
downstream is greater (150 disk diameters vs. 50) and the mean velocity deficit and
r.m.s. velocity are much lower (1 % in the present vs. 3 % in the previous study). Part
of the problem was solved by setting the troublesome anemometer offsets to zero, but
the anemometers still drifted.

Figure 5 shows typical calibrations for both types of anemometer (AN1003 and
54T30) used. The different times correspond to calibrations before, in between, and
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x/D U∞ UCL Uo u′
max u′

max/Uo δ∗ Uoδ∗/ν

10 20.26 18.30 1.96 1.67 0.85 17.46 2252
20 20.25 19.25 1.00 1.05 1.05 24.45 1607
30 20.21 19.52 0.70 0.79 1.13 29.25 1341
40 20.19 19.63 0.56 0.65 1.15 32.48 1206
50 20.16 19.69 0.47 0.56 1.17 35.41 1105
60 20.14 19.72 0.42 0.49 1.15 37.48 1043
70 20.13 19.74 0.38 0.44 1.14 39.37 992
80 20.13 19.78 0.35 0.39 1.12 41.12 950
90 20.15 19.82 0.32 0.36 1.13 42.82 913

100 20.17 19.87 0.30 0.34 1.12 44.31 884
110 20.18 19.90 0.28 0.32 1.12 45.97 852
120 20.23 19.96 0.26 0.30 1.11 47.47 827
130 20.28 20.03 0.25 0.28 1.13 49.13 801
140 20.30 20.05 0.24 0.27 1.10 49.53 795
150 20.36 20.12 0.24 0.26 1.09 50.37 784

Table 2. Values of U∞, UCL, Uo and δ∗ inferred from regression fit to profiles (see text and
Appendix B); u′

max directly measured. Velocities in m s−1 and δ∗ in mm.

after the experiments at two downstream positions. Although the differences in
calibration before and after are slight, these differences are significant compared to
the mean velocity deficit. This most certainly is the reason for the scatter of profiles
in previous investigations (or perhaps even the complete absence of profiles from
many). One significant advantage, however, is that equation (2.5) must be satisfied at
and beyond x/D ≈ 10 (i.e. momentum is conserved).

The method applied here to overcome these difficulties is presented in detail in
Appendix B. The method considers data sets from all measured positions at a given
downstream location simultaneously. It assumes only that the anemometers drift
together (which was certainly true for the mini-Dantecs), so that the measured profile
shifts uniformly in time. The method can be summarized as:

(a) A hypothesis of a general velocity profile is made. This profile has only a single
length scale, δ∗, and velocity scale, Uo = U∞ − UCL, and both were assumed unknown
for each profile, as was the free-stream velocity, U∞.

(b) This profile is regressively fitted to each velocity profile at every downstream
location for both rakes, requiring only conservation of momentum.

(c) The considerations of Appendix A make it clear that the slight variation of the
computed U∞ (of table 1) could at most be responsible for a 0.1 % variation of the
momentum integral, thus verifying a posteriori its assumed constancy in (b) above.

Since the rake does not unambiguously cover the whole wake for the farthest
downstream positions, the mean velocity deficit must be treated as an unknown
quantity, but is linked to the transverse length scale through the conservation of
momentum, equation (2.5). The method also provides as a bonus the necessary scaling
parameters: the velocity deficit scale, Uo, and the wake width, δ∗. The evolution of
these quantities is summarized in table 2.

The resulting corrected mean velocity profiles, normalized with the free-stream
velocity for the downstream positions x/D = 10, 20, 30, 40, and 50 are shown in
figure 6. Also shown next to the plots of the mean velocity deficit are the corresponding
normalized turbulence intensities which will be discussed in the next section. The mean
velocity deficit decreases rapidly initially, from about 9.5 % at x/D = 10, to 2.2 %
at x/D = 50. The points in the velocity profiles associated with negative r were
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Figure 6. Mean velocity profiles and root mean square of the velocity vs. r .
(a) x/D = 10, (b) 20, (c) 30, (d) 40, (e) 50.

obtained from the fixed rake. Here, all the probes were connected to the same brand
of anemometer (DANTEC). The probe labelled 1 in figure 4 shows least agreement
to the curve fit. This probe was connected to one of the AN1003 channels, which is
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the main reason for it behaving differently because of the different characteristics of
the anemometer. Note that the velocity differences are extremely small. The difference
in velocity measured by probes 1 and 2 is 0.4 % of the free-stream velocity. The
same trend is seen for probes 1, 3, 5 and 6, which are also connected to AN1003
anemometers. But clearly, it is probe 1 that deviates the most. The solid lines in
the figure show the curve fit explained in Appendix B. All profiles show very good
agreement to this fit. The centring of the rake is seen to have been performed in a
satisfactory manner. Note that the right-hand side of the measured positions, positive
r , extends to larger radius than the curve for negative r , since the entire probe rake
was traversed to two positions in the positive r-direction (5 and 10 mm) to fill out
the profiles as mentioned in § 4.5.

The further evolution of the mean velocity profiles for x/D = 60 to 150 is shown
in figures 7 and 8. For these positions, the mean velocity deficit continues to fall,
from 2 % at x/D = 60 to about 1.1 % at x/D = 150. The curve fits continue to be
in very good agreement with the measured points, especially for negative r . As noted
above, probe 1 continues to be off the curve. The probe rake centring is still found
to be accurate, ensuring that the flow direction in the wind tunnel test section is
uniform within the accuracy of the experiment, so no re-centring of the probe rakes
was found necessary. For the later positions, it is clear from the curve fits that the
outermost point is not located in the free stream. Hence, the curve fit is essential in
the estimation of the mean velocity deficit.

The normalized mean velocity deficit profiles, (U∞ − U (r))/Uo, are plotted versus
r/δ∗ in figure 9. In this figure, all profiles obtained with the probes on the fixed rake
(negative r) show a remarkable collapse. The previously identified problematic probe
1 in the outer part of the movable rake shows least agreement to the profile. In
fact, the points measured by this probe seem to fall on a curve of their own, slightly
elevated from the curve that ties all the others together. It would be very tempting to
just shift these points to fall on top of the curve fit (or omit these data entirely). Also,
the increased scatter for positive r is due to probes 1, 3, 5, and 6 that are connected to
AN1003 anemometers, which have a different thermal drift characteristic from those
of 54T40.

Figure 9 also gives an indication of why previous experiments show large scatter
in the mean velocity profiles (if they show profiles at all), since the largest deviation
in figure 9 is only 0.4 % of the mean velocity. If a probe rake had not been used, the
accuracy would have been even more seriously affected by the anemometer drift, since
the profile would have been obtained by traversing a single probe through the wake.
If the traversing were made at random positions spanning the wake, the thermal drift
of the anemometers would have shown up as increased scatter in the profiles. Or if
the traversing were sequential, the profiles would have been significantly skewed. The
measurements of very small mean velocity differences in the wake are indeed very
difficult to make correctly, but made possible in this experiment by simultaneously
measuring with a large number of probes and many nearly identical anemometers.

6. Streamwise variation of scaling parameters
The scaling parameters obtained through the regressive fit described in Appendix B,

the centreline mean velocity deficit, Uo, and the lateral wake width, δ∗, clearly provide
the collapse of the mean velocity profiles as shown in figure 9. The streamwise
variation of the mean velocity deficit is shown in figure 10. It is clear that Uo
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Figure 7. Mean velocity profiles and root mean square of the velocity vs. r .
(a) x/D = 60, (b) 70, (c) 80, (d) 90, (e) 100.

decreases monotonically and in a smooth manner. The solid line shows the high-
Reynolds-number equilibrium similarity solution discussed below in equation (8.2).

In figure 11, the streamwise evolution of the lateral length scale, δ∗, defined by
equation (2.4) is shown. It is seen from this figure that δ∗ grows monotonically
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Figure 8. Mean velocity profiles and root mean square of the velocity vs. r .
(a) x/D = 110, (b) 120, (c) 130, (d) 140, (e) 150.

from about 3θ (17 mm), or slightly less than the disk diameter at x/D = 10, to
about 9θ (50 mm) or 2.5 times the disk diameter at x/D = 150. The solid line
shows the high-Reynolds-number equilibrium similarity solution discussed below in
equation (8.1).
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These two scaling parameters, Uo and δ∗, can be used to obtain the local Reynolds
number of the flow, R = Uoδ∗/ν. The downstream variation of the local Reynolds
number is shown in figure 12. Clearly it decreases with downstream distance, which
distinguishes this flow from most other free shear flows where the local Reynolds
number either increases or remains constant. In fact, it is this decreasing local
Reynolds number which is the reason for the existence of two different equilibrium
similarity solutions for the axisymmetric wake, one for high and one for low Reynolds
number, see George (1989) and Johansson et al. (2003). The hatched line in the figure
marks the approximate value of the local Reynolds number where the high-Reynolds-
number equilibrium similarity solution ceases to be valid, and viscous effects drive
the flow to its other turbulent state as discussed in detail by Johansson et al. (2003).
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In this experiment, the local Reynolds number falls from 2234 at x/D = 10, to 774
at x/D = 150, which is well above the suggested threshold of 500 below which the
high-Reynolds-number solution does not apply.

7. Turbulence intensity profiles
The reason for the r.m.s. velocity not being so sensitive to the thermal drift of

the anemometers can also be seen in figure 5. Although the calibration curves are
shifted from one time to another, the slopes are nearly unchanged. For such weak
fluctuations, the fluctuating velocity is proportional to the fluctuating voltage times the
derivative of the function that relates voltage and velocity (see Perry (1982) for a more
detailed discussion). Thus the fluctuating part of the velocity is hardly affected, while
the mean is seriously compromised. But there remains a problem for the turbulence
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intensities, since the r.m.s. values must be divided by the centreline mean velocity
deficit, which is the least accurately determined quantity. It is the constancy (or lack
thereof) of u′/Uo that is the surest indicator of a similarity scaling regime, so even
the establishment of flow regime is affected by to the drift problem.

The root mean square of the fluctuations, u′, is shown for the downstream positions
of x/D = 10, 20, 30, 40, and 50 in figure 6. Here, u′ is normalized by the centreline
mean velocity deficit determined above. As with the mean velocity profiles, the radial
direction is left unscaled to show the profile width in physical dimensions. As is clear
in figure 6, the hot-wire array almost covers the whole wake, since the tails of the
u′/U∞ profiles go to a value just below 0.1 %. The tunnel free-stream turbulence
intensity with an empty test section is reported by Johansson (2002) to be less than
0.03 %. Figure 6 further supports the indications provided by the study of the mean
velocity profiles in the previous section that the rakes were properly centred. The
apparent slightly higher peak value on the right-hand side is due to one probe. The
probes that prevent the profiles from being smooth are the ones numbered 0, 1,
3, 5, and 6, all connected to AN1003 anemometers. But the effects of the different
anemometers are not as pronounced as for the mean velocity profiles.

Figures 7 and 8 show the downstream evolution of the turbulence intensities between
60 � x/D � 150. Here, the peak values (as well as the centreline values) of u′/Uo

have reached a constant level, and remain constant for all the remaining measured
downstream positions. The profiles eventually start to show more scatter, but it must
be noted that the ratio of u′/U∞ has dropped to below 1.3 % at x/D = 150.

The normalized turbulence intensity profiles for all downstream locations are shown
in figure 13, i.e. u′/Uo vs. r/δ∗. These profiles collapse quite well for all downstream
positions greater than about x/D = 30. This is remarkable, considering the difficulties
in obtaining correct mean velocity profiles using the different anemometer systems
described above. Clearly, as expected, the thermal drift of the anemometers has very
little direct influence on fluctuating quantities. This is especially important for Part
2 of this investigation which uses the cross-spectra in conjunction with the proper
orthogonal decomposition.
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The downstream evolution of the maximum of the normalized turbulence intensities
is shown in figure 14. Here, it is further highlighted that the ratio u′/Uo approaches a
constant value which is reached approximately at x/D = 30 for this wake generator.
This ratio remains constant throughout the downstream positions covered in this
experiment. This is of considerable importance in establishing the existence of the
high-Reynolds-number equilibrium similarity regime as noted below. The points
presented are the average of the peak values from either side of the centreline shown
in figure 13. The error bars indicate an uncertainty of ±2%, which covers both peak
values.

8. High-Reynolds-number similarity solution
The high-Reynolds-number similarity theory of George (1989) and Johansson et al.

(2003) predicts that the evolution of the scaling parameters Uo and δ∗ should behave
as

δ∗

θ
= a

[x − xo

θ

]1/3

(8.1)

Uo

U∞
= b

[x − xo

θ

]−2/3

(8.2)

where the virtual origin must be the same for both; and the parameters a, b, and
xo can depend on the wake generator, but must satisfy the momentum constraint
a2b = 1. Johansson et al. (2003) suggest that this theory should apply only after
the initial transient has decayed and only as long as the local Reynolds number is
greater than 500 (i.e. R = Uoδ∗/ν > 500). They further suggest that the best measure
of when the initial transients have died out is when u′/Uo =constant, as required by
application of the equilibrium similarity theory to the kinetic energy equation. From
figure 14, it is clear that this condition is satisfied for x/D > 30 for this experiment.
Moreover, from figure 12, R > 500 for all downstream positions. Therefore, if any
data were in agreement with the high-Reynolds-number solution, it should be these.

They are. The solid lines on figures 10 and 11 show fits of equations (8.2) and (8.1)
to the experimental data. The agreement is excellent. Linear regression yields values
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for the constants as: a = 1.14, b = 0.77, and xo = −2.4θ . An even stronger indication
of the agreement between theory and data is provided by the plots of (δ∗/θ)3 and
(Uo/U∞)−3/2 versus x/θ in figure 15. These plots do not depend on a virtual origin,
but clearly are linear for x/θ > 120 (x/D > 30).

The collapse of the mean velocity and intensity profiles in figures 9 and 13 is
further confirmation of both the equilibrium similarity theory and the experiment.
Note, the curve fits used for the regressive fits to the velocity profiles did not assume
similarity, but optimized the choice of parameters for each position downstream. The
equilibrium similarity theory also predicts that the individual curves described in
Appendix B should collapse, and to an excellent approximation they do.

9. Power spectral densities
Power spectral densities were obtained for downstream positions of x/D = 50,

70, 90, 110, 130, and 150. As mentioned in § 4.3, these data were obtained from a
much more extensive data set than for the mean and r.m.s. values considered above.
The downstream evolution of the power spectra for each radial position in the wake
covered by the fixed hot-wire rake is shown in figure 16. The power spectra for each
radius shown in figure 16 are the averaged values of the probes located on the same
radius as the fixed and movable rake. It is clear from these plots that the peak at the
Strouhal number 0.13 is visible in all off-centre spectra for all downstream positions.
Thus, this feature remains in the flow for a substantial distance downstream. It is
noticeable also that the frequency is not changing at all with downstream distance,
confirming the findings of Cannon, Champagne & Glezer (1993) that this is truly a
convected structure. No peak at this frequency appears in the spectra at the centreline
(a certain confirmation of a properly centred disk, since it will be shown in Part 2 to
be both transient and associated with azimuthal mode-1).

Using the obtained scaling parameter δ∗ and applying Taylor’s frozen field
hypothesis with the convection velocity taken as the free-stream velocity, the spectra
at the centreline were normalized. These are shown in figure 17. Here, it is very
clear that this normalization collapses the spectra for high wavenumbers. Taylor’s
hypothesis is not in general valid for low wavenumbers, as pointed out by Lumley
(1967), but it is remarkable how different the spectra are for low wavenumbers. It
is not at all clear from this single-point statistical investigation what causes this
behaviour. This is investigated further in Part 2 using multi-point statistics and POD.

Finally, a very clear inertial subrange is visible, especially in figure 17. This is
exactly as predicted by Johansson et al. (2003), who argued that the existence of such
an inertial subrange in the spectrum was a necessary condition for the applicability of
the high-Reynolds-number solution. Because of the wire roll-off and sampling rate,
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it is not clear how far this inertial subrange extends. This experiment was original-
ly designed to capture the large-scale, energy-containing scales, which is the reason
for the spectra being cut at relatively low wavenumbers. If the high-wavenumber
dissipative range were to be investigated, much smaller hot wires would have to be
used to increase the resolution.

10. Summary
In this paper, the high-Reynolds-number wake behind a disk has been investigated

using rakes of hot-wire probes. The initial Reynolds number was 26 400. The
measurement downstream range was 10 � x/D � 150 (36 � x/θ � 552). It was
found that in spite of the limitations imposed by anemometer drift, the accuracy of
mean velocity profiles can be substantially improved by using regression techniques
to fit the simultaneous data from rakes of hot wires to an assumed profile shape.

A number of open questions from earlier investigations has been resolved. It has
been shown that the turbulence intensity ratio u′/Uo really does reach a constant
value. This happens once the initial transients have settled, which can take a
substantial distance downstream (x/D > 30 in this investigation). Moreover, it has
been shown that this flow satisfied all necessary conditions for the high-Reynolds-
number equilibrium similarity analysis of Johansson et al. (2003) to apply, most
notably that the local Reynolds number be greater than 500 throughout the entire
experiment, that the spectra exhibit an inertial subrange, and that u′/Uo has reached
a constant value. Corresponding to this, the wake half-width grows as (x − xo)

1/3

and the velocity deficit decreases as (x − xo)
−2/3, albeit with coefficients and virtual

origin uniquely determined by the generator. The data and theory are in excellent
agreement.
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Appendix A. The effect of a free-stream pressure gradient
When a pressure gradient in the free-stream direction is taken into account, the

momentum equation (to second order in the turbulence intensity) is

U
∂U

∂x
+ V

∂U

∂r
= −1

r

∂

∂r
(ruv) − 1

ρ

∂P∞

∂x
. (A 1)

Assuming the free stream to be inviscid and non-turbulent, the balance there is given
by Euler’s equation as

− 1

ρ

∂P∞

∂x
= U∞

∂U∞

∂x
, (A 2)

where both P∞ and U∞ depend (to leading order) only on the streamwise coordinate.
Using continuity (multiplied by (U − U∞)) and equation (A 2), equation (A 1) can

be rewritten as

∂

∂x
[U (U − U∞)] + (U − U∞)

∂U∞

∂x
+

1

r

∂

∂r
[rV (U − U∞)] = −1

r

∂

∂r
(ruv) . (A 3)

This can be integrated across the flow to obtain:

d

dx

[∫ ∞

0

U (U − U∞) r dr

]
+

dU∞

dx

∫ ∞

0

(U − U∞) r dr = 0. (A 4)

Clearly the second integral accounts for the external pressure gradient and vanishes
identically if it is zero; so that the equation reduces to equation (2.2) in the limit of
|U − U∞| 	 U∞. Using the definitions of θ and δ∗ (equations (2.3) and (2.4)), equation
(A 4) can be rewritten as

d

dx
(U 2

∞θ) + δ∗Uo

dU∞

dx
= 0 (A 5)

which in turn can be integrated to yield

U 2
∞θ +

∫ x

0

[
δ∗Uo

dU∞

dx

]
dx ′ = constant = drag. (A 6)

For this particular experiment, the two terms of equation (A 6) are shown in figure 18.
The second term is less than 0.1 % of the first, and hence clearly negligible.

Appendix B. Correction for anemometer drift
The correction method for taking the thermal drift of the anemometers into account

was applied in the following steps:
(a) A wake profile of the form exp(−r2) (which corresponds to the constant-eddy-

viscosity solution, cf. the appendix of Johansson et al. 2003) undershoots the data
points near the centreline, and falls off too slowly for large r . A more general curve
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which provides an excellent fit to all profiles is given by

Uf s − U (r) = (Uf s − UCL)(1 + C2r
2 + · · · + Cnr

n) exp(−D2r
2 − D4r

4), (B 1)

where n is an integer multiple of 2. The sufficient order of the polynomial was found
to be n = 4. Uf s denotes the apparent free-stream velocity that will deviate from the
correct free-stream velocity, U∞, because of the thermal drift of the anemometers.
Thus, the free parameters of the curve fit are Uf s , C2, C4, D2, and D4, while UCL and
U (r) are the values obtained from the experiment. Note that Uf s simply shifts the
whole velocity profile up and down.

(b) The curve fit for each position (that covered the wake enough to permit an
estimate of the momentum from a direct integration of data) was integrated to check
whether the flow conserved momentum. This was found to be the case from the first
measured downstream position, x/D = 10 to x/D = 50.

(c) Since the flow was found to conserve momentum, the link between the velocity
deficit scale and the lateral length scale was known. This relation, Uoδ

2
∗ = U∞θ2, had

to be satisfied at all downstream locations. Hence, the curve fit was modified to be
valid for all downstream positions simultaneously, by rewriting equation (B 1) as

Uf s − U (r) = (Uf s − UCL)(1 + A(r/δ∗)
2 + B(r/δ∗)

4) exp(−C(r/δ∗)
2 − D(r/δ∗)

4). (B 2)

Here, A, B , C, D are now constants common for all the velocity profiles. A regressive
scheme was also used to fit equation (B 2) to the measured profiles, with the added
constraint of momentum conservation. This resulted in values of δ∗ for all the
downstream locations, from which the velocity scale, Uo, could be computed. The
values for the general profile constants were found to be: A=,0.049, B = 0.128,
C = 0.345, and D = 0.134.
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